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REPTATION MOTION OF LARGE ANIMALS IN A FLUID

V. M. Shapovalov UDC 534.222.2

An asymptotic analysis of the plane problem of reptation motion of animals in a fluid is performed
in a long-wave approximation. Turbulent motion is considered. Asymptotic estimates are obtained
for the axial and shear forces, expended energy, and motion trajectory. Results of numerical analysis
are given.
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In [1, 2], the problem in question was analyzed using the principle formulated by Lavrent’ev [3]. According to
Lavrent’ev’s principle, the animal’s body is treated as an elastic rod placed in a solid channel of variable curvature.
The environment surrounding the body plays the role of the solid walls of the channel. For motion in a fluid, the
fluid plays the role of the channel walls because under rapid action for a time during which the organism moves a
considerable distance, the fluid remains nearly motionless relative to the initial position by virtue of its inertia.

Kuznetsov et al. [2] considered irrotational motion in an ideal fluid, which is equivalent to motion in a freely
moving solid channel whose mass depends on the shape. For transverse flow around a cylinder, the potential was
determined by the method of plane sections. The axial friction force was ignored since in an ideal fluid the shear
stress on the body surface is equal to zero.

Shapovalov [4] studied the laminar reptation motion of animals. The results obtained applies to the motion
of microorganisms. The present paper extends the approach of [4] to the turbulent motion of animals. This is true
for animals of large sizes, such as eel, moray, etc.

The problem of plane reptation motion of large animals in a fluid is formulated and solved in a long-wave
approximation. The energy, force, and kinematic characteristics of the motion are determined. The results of
numerical analysis are given.

1. Formulation of the Problem. We consider a developed turbulent regime that corresponds to the
quadratic resistance law.

We study the motion of animals whose body is prolate enough (eels, water snakes, etc.) to satisfy the
condition ! >> d (I and d are the length of the body in the prolate state and its diameter). The elastic axis passes
along the backbone. The backbone can be treated as a hinged system of rods. The number of vertebras is considered
infinite, and the elastic axis is treated as a monotonic smooth curve.

The central nervous system sends command signals to the body muscles, so that a nearly sinusoidal traveling
wave is formed. The number of muscles is considered infinite, and the command signal is a continuous monotonic
function.

The Archimedean force is ignored since the density of the animal’s body is close to the density of the
surrounding fluid. The cross section of the body is constant along its length. If the surrounding fluid is conditionally
considered motionless, the dissipation of mechanical energy is localized in a region commensurable with the cross-
sectional dimensions of the animal, i.e., in the hydrodynamic boundary layer.

The longitudinal and transverse friction forces (dP and dF, respectively) act on an elementary segment of the
body of length ds. Oblique flow around the cylinder is the case. For the longitudinal friction force, Zyabitskii [5],
using the theory of a turbulent boundary layer for the case of a motionless cylinder, obtained the expression
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Fig. 1. Diagram of reptation motion.

dP = 0.325Re; " mdpv? ds (v, is the axial velocity of motion of the cylinder is obtained, Re; = vdp/u is the
Reynolds number, and p and p are the density and viscosity of the fluid, respectively), which is in good agreement
with experimental data.

According to [6], the shear friction force is described by the expression dF = 0.5{dpv2 ds, where vy, is
the normal velocity component of the cylinder, and & is the drag coefficient dependent on the Reynolds number
Re,, = vndp/u. For developed turbulent motion, Kochin et al. [7] obtained the similar relation dF = 0.48dpv? ds.
Except in the critical regime, the drag coefficient depends weakly on the Reynolds number. Thus, in the range
Re,, = 10-10%, the values of ¢ decrease monotonically from 1.3 to 1. In the critical regime (Re, =5 - 10°), we have
£=0.3[6].

During motion, the transverse and longitudinal velocity components change under a periodic law. As a first
approximation for the longitudinal and transverse components of the friction forces, we use the quadratic resistance
law corresponding to the developed turbulent regime. Quite often, the body of water animals has an elliptic cross
section, which improves its hydrodynamic properties. In this case, the friction force components differ only in
constant coefficients. Let us consider a body that has a circular cross section which is constant along the length.
The drag is ignored.

The friction force components are written as

dP = A0} ds, dF = B2 ds,

where A,, = 0.325 Rel_o'7 wdp and B, = 0.5{dp. The parameters A,, and B,, have constant values.

During directional movement, the animal performs plane reptation motion, for example in the horizontal
plane (Fig. 1). During this motion, the elastic axis and the acting forces lie in the plane xOy. Let us introduce a
spatially stationary coordinate system (x,y, z), where z, y, and z are the coordinates of the points of the elastic line
of the body s. The vector function r(s,t), 0 < s <1 (¢ is time) performs vector parametrization of the curve s. The
directions z, y, and z correspond to a right-hand oriented trihedron (¢, 3, k). We denote by I (I = rs and |I| = 1)
the tangent vector to the elastic line, n = b x [ is the normal vector, and b is the binormal vector.

The animal needs to overcome not only the resistance of the environment but also the inertia force of its
own body. The density of the body is assumed to be equal to the density of the surrounding fluid p.

The equilibrium equations are written as

FS:—K’ Ms+m:F><l,

where M is the moment, F = (F -l)l 4+ (F -n)n = NI + @Qn is the force, K is the linear density of the external
forces, including the inertia force, m is the distributed moment of the external load, N is the longitudinal force,
and @ is the shear force; the subscripts denote the corresponding derivatives.
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The expression for the external force vector taking into account the quadratic resistance law and the inertia
force of the body (the surrounding fluid is motionless) is written as
K = A, |ri| L (rs - 1) + Bplrdn(re - n) — p(nd?/4) 1 (ry - 1) — p(nd?/4) n (ry - m),

where |ry| = /2? + y? is the velocity modulus of the elastic axis of the animal. The distributed moment of
the external load m is due to the rotational moment of inertia of the cross section [8]: m = —pJpub, where
J = md*/64 is the moment of inertia of the cross section of the body (which is constant along its length).

We have the following equations in scalar form:

Ny — Qs = — A/ 7 + y? (x4 cos p + yi sin ) + p(md? /4) (w4 cos @ + Y sin @),

Nps + Qg = =B/ 22 + y? (—x; sin g + 3, cos p) + p(md? /4)(—z4 sin @ + 34 cos ), (1.1)
My — pJoy = -Q.
These equations are written with allowance for the relations r; -l = ¢ cos ¢ + Yy sin g, 1 - n = —x; sin ¢ + y; cos @,

Tt = !Ett’l: + yttj7 and M = Mb.

We have a system with distributed parameters. According to the last equation in (1.1), the muscles located
symmetrically about the backbone of the animal produce a moment, which is expended in overcoming the inertia
forces due to the rotation of the body cross section and in producing a shear force. In turn, the shear force
is expended in overcoming the inertia forces due to the transverse motion of the body and the hydrodynamic
resistance of the surrounding medium.

We transform to dimensionless parameters and variables using the largest value of the shear force @
(Qo = | max @|) as the force scale:

_ Am N Q QO
X,Y, = 1 =7 - — X _
{ 7 ’S} {m,y’s}l © Bm, " QO, 1 QO7 i t Aml?”
prd? A3 Al
. 44,1 v Qo ’ K, w Q3

Here w is the frequency of muscle contraction, w is the expended energy, and In is the inertia parameter.
In dimensionless form, Egs. (1.1) supplemented by geometrical relations and boundary conditions have the
form

ns — qps = f1, fi= —\/m (Xrcosp+ Yrsing) + In (X, cosp + Y sinp),
nYs + qs = fo, fo= —efl\/m (—=X,sinp+ Y, cosp) + In (=X, sing + Y, cosp),
Xs = cosy, Y, =singp, (1.2)
=0 X=X, Y=Y°%S9),

7>0,5=0 n=q¢=0, S=1: n=qg=0.

The functions X° and Y° describe the initial configuration.

The nervous impulses transmitted to the animal’s muscles form a traveling wave, which ensures translational
motion. In Egs. (1.2), it is necessary to specify one of the functions n, ¢, and ¢ a priori. For the plane traveling
wave, we use the expression

v =esin (KS — Qr), (1.3)

where 2 is the dimensionless frequency of muscle contraction, ¢ is a dimensionless parameter (|| < 7/2), and
K =2rmi (i=1,2,3...). According to the last equation, the body length is a multiple of an integer of waves, which
considerably simplifies the computational expressions.

For d = 0.05 m, v = 1 m/sec, p = 10® kg/m3, and p = 1073 Pa-sec, the inertia parameter is In = 74.86.
Therefore, it is necessary to take into account the last terms on the right side of the first two equations (1.2).
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In Egs. (1.2), the factors do not contain the moment of inertia of the cross section. Therefore, the inertia
forces due to the rotational inertia of the cross sections do not influence the motion trajectory of the animal’s body
and only determine the moment (1.1).

According to [4], the energy W can be defined by the integral

l
W:/rt-de.
0

In view of the relation
wd? wd?
Ny — Qps = —Ap|re|(re - 1) + P (ree-1), Nos+ Qs = —Bp|re|(rs - m) + P (Tee - m),
T = Tt + Y J

and Egs. (1.2), the expression for the dimensionless power becomes
1

w = / {\/XE + Y2 (x4 cosp + yrsing)? + e (—zy sin p + y; cos @)2]} ds. (1.4)
0

2. Solution of the Problem. We assume that the axial load and shear force are functions of ¢, i.e.,
n =n(p) and ¢ = q(p), where ¢ = (S, 7). In this case, the first two equations in (1.2) become

n«p_q:fﬂps_la n""]«p:fQ‘Ps_l- (2'1)

Eliminating the function ¢ from these equations, we obtain the following inhomogeneous linear equation of the
second order for the function n:

Ny + 1= fao; ' + (fres e
The solution has the form
n = Cysing + Cycosp — cosnp/[fzgas_l + (fips Yy sinp dp + sinnp/[fztps_l + (fips Dyl cospdp,  (2.2)

where C7 and C5 are constants.
Integrating the integrands by parts, we obtain the equalities

/(fw;l)wsinsodwz flso;lsinw—/fl cosp dS,

/(fw;l)wcowdso=f1<p;1<ros<ﬂ+/f1 sin g dS.

In view of these relations, expression (2.2) becomes

5 s s s
n:Clsingo—l—Cgcosgo—coscp(/fgsingodS—/flcosgodS)—|—sing0 (/fgCOS(pdS+/flsin(pdS). (2.3)
0 0 0 0

According to the first equation in (1.2), the shear force is ¢ = ;1 (ns — f1). Taking into account expres-
sions (2.3), we have

s 5 s s
q:Clcosgp—Cgsingo—i—singo(/fgsin@dS—/flcoswdS)—|—cosg0 (/fgCOS(pdS—l—/flsingodS). (2.4)
0 0 0 0

The constants in expressions (2.3) and (2.4) are found from the condition of no forces at the left end (S = 0 and
n = q = 0) of the body (1.2). Thus, we obtain the system of equations

C1sinpg + Cy cos gy = 0, C1 cospg — Casingpy = 0,
where ¢o(7) = ¢|s=o. The solution of this system has the form C; = Cy = 0.
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Taking into account the boundary conditions for the right end (S = 1 and n = ¢ = 0) of the animal’s
body (1.2), we have the system of equations

1 1 1 1
— Cos g (/fgsingodS—/flcosgodS)+sin<p0 (/fzcosgod5+/f1sin<pd5) =0,
0 0 0 0

1 1 1 1
sin g (/fgsinnpdS—/flcosgodS)+cos<p0 (/fgcosgod5+/f1sintpd8) =0.
0 0 0 0

Here we took into account the property of function (1.3) @9 = ©¢|s=0 = @|s=1. The system of trigonometric
equations has a trivial solution:

1 1
/(f2 sinp — ficosyp)dS =0, /(f2 cosp + fising)dS =0. (2.5)
0 0

Substituting the expressions for the functions f; and fs from (1.2) into (2.5), we write the equations in expanded
form

1
/ (\/XE Y2 {XT[l +(e7! = 1)sin ] +0.5(1 — e~ 1), sin 290} - InX”) ds =0,
0

1 (2.6)
/ (\/XZ +Y? {0.5(671 —1)X,sin2p — Yy [e" '+ (1 — e ') sin? go]} + InYTT) ds =0.
0

The geometrical relation for the elastic axis from (1.2) and expression (1.3) leads to the following equations
for the functions X and Y
Xg=cosp=1—¢?/2l+...=1—(¢2/2)sin*(KS — Q7) +... ,
(2.7)
Ys =sinp =@ —¢*/3!+... =¢esin (KS — Qr) — (£*/6)sin®(KS — Q1) + ... .

We will analyze the problem using the small parameter method with the geometrical perturbation amplitude €
in (1.3) as the small parameter. The functions X and Y are obtained in the form of direct expansions in the powers
of the small parameter. According to expansions (2.7), the required functions can be written as

X=X0+E2X2+..., Y=€Y1+83Y33+..., |E|<<1. (2.8)

A detailed analysis of the problem shows that terms with odd powers in € in X and with even powers in Y are
equal to zero. Retaining the first two terms of the expansion for the function X and one term for Y and integrating
Egs. (2.7) from 0 to S with allowance for (2.8), we obtain

1 (KS sin2(KS —Q7)  sin2Q7
2K\ 2 4 4

Xo=S+Cs(r), Xa= )+ Ca(),

Y1 = —(cos (KS — Q1) — cosQ7) /K + C5(7), (2.9)
where C3, C4, and C5 are unknown functions of time.
The function C3 characterizes the motion of the animal along the X axis. However, since the component Xg
does not depend on the perturbation amplitude ¢, it is necessary to set C3 = 0.
At the initial time, let the left end of the animal’s body be at the cross section X = 0 and the elastic axis
be symmetric about the X axis (the static moment of the elastic axis with respect to the X axis is equal to zero).
Thus, we have the conditions

T=0, S=0: X =0; (2.10)
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1
T =0: /YdS:O. (2.11)
0

Taking into account relations (2.8) and (2.9) and condition (2.10), we obtain the equality e2Cy|,—o+... =0,
which leads to the following initial condition for the unknown function of time:
7=0, C,=0. (2.12)
Substituting (2.8) and (2.9) into (2.11), for any time we have
e(K'cosQr +Cs5) +...=0.
Here we took into account the equalities K = 27n (n = 1,2,3...; sin K = 0 and cos K = 1). Thus, the function
C5 has the form
Cs = —K 'cosQr. (2.13)
According to (2.8), (2.9), and (2.13), the function Y we write as
Y = —(¢/K)cos(KS — Qr) + O(e%). (2.14)

To find the function C4(7), we use Egs. (2.6). Substitution of the expansions (2.8) into (2.6) (only terms of
the orders considered are taken into account) yields
1
et X3,

/ [(5|Y17| +5 K) {€2X27-[1 F (et = 1)(ep1)?) + (1 — e*l)a-?YlT(pl} - Ina2X2TT} ds =0,
0

1

3 X2

/ [(=irl + 5 ZZ) (e = 1) Xarr — Virle™ + (1= e )]} + Vi, ds =0,
17

0

Here 1 = sin (K.S — Q1) and we used the relations

3 X2
sin? o~ e?pl ..., sin2p 2601 ..., V(€2X2,)2 + (Y1,)2 ~e|Yio| + % er +...
1T
Collecting the coefficients of the same powers of £, we obtain the equations
1
/Ylﬂ dS =0 forel; (2.15)
0
1 1
/X2TT ds =0, /YfT dS =0 fore? (2.16)
0 0
1
/ [|mT|XZT + Y1, /(1 — e HYYi,r¢1]dS =0 for 3. (2.17)

0
Equation (2.15) and the second equation in (2.16) are identities. From the first equation of (2.16) using (2.9),
we find the function Cjy:

1.
Cy = 3K sin 2Q71 4+ Cyo7 + Cyy (2.18)

(Cy0 and Cyy are constants). Condition (2.12) implies that Cyq; = 0. The constant Cyg is found using Eq. (2.17).
Integration of this equation with allowance for expressions (2.9), (2.14), and (2.18) yields

Q 8—Te
Co="Dr
Taking into account relations (2.8), (2.9), and (2.18), for the function X we rite the expression
g2 g2 e2Q(8 — Te)T 4
_of1_E : _qp) - e e , 2.1
X 5(1 4)+8K sin2(K S — Qr) e O (2.19)
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After simple transformations, expressions (2.3) and (2.4) become
g

n=— cosgo/ (\/Xﬁ Y2 {X7[1 et —1)sin? ] +0.5(1 — e V)Y, sin2<p} - InXﬂ-) ds
5
+ sin<p/ ( X2+Y2 {O 5(e™! —1)X,sin2p — Yy[e ! 4 (1 — e 1) sin? <p]} + InYTT) ds,
S
= Singp/ ( X2 1v2 {XT[l 4 (et = 1)sin® @] + 0.5(1 — e~ )Y, sin 2<p} - InXTT) ds
0
S
+ cosgp/ ( X2+Y? {0.5(671 —1)X,sin2p — Yy [e” '+ (1 — e ') sin? @]} +1In YTT) ds.
0

Substitution of formulas (2.14) and (2.19) into these expressions yields the following asymptotic estimates for the
axial force and the shear force:

0? 2—e 1 02
CE L . _ S| 2 S . . _
n=¢ 4 cos [esin (K S QT)][ o (2 e )J3:| +e K2 sin [esin (KS — Q7)]Jo
—e? % In[cos2(K S — Q) — cos 2Q7] cos [e sin (KS — Q7))
Q2
+€? el In[sin (KS — Q7) — sin Q7] sin [esin (K.S — Q7)] + O(e*),
€ (2.20)
0? 2—e 1 02
_ 23 - el
¢=-¢ 15 sin [esin (K S — QT)][ %0 (2 e )J3:| +&? K2 cos [esin (K S — Q1)]J2
QQ
+&? Vel In[cos 2(K S — Q1) — cos 2Q7] sin [e sin (K S — Q7)]
2 ¥ : . . 4
+e K2 In[sin (KS — Q1) — sin Q7] cos [esin (K S — Q7)] + O(e*).
e
Here
s
Ji = / [sin (KS —Qr)|dS = (KS 22 {sm 2n(KS — Q7)] + Sln(2nQT)})

0

Jy = /|sin(KS—QT)|sin(KS—QT)dS

LK {| sin (KS — Qr)|cos (KS — Q1) — | sin (27)] cos (27) + arcsin [cos (KS — Q7)] — arcsin [cos (QT)]},

1 1 2
J3 :/|sin(KS—QT)|sin2(KS—QT)dS ==J - ﬁ(_ = KS+sin[2(KS — Q7)] + sin (2Q7)
T

2 3
_ Z:: m {sin[2(n + 1)(KS — Q7)] + sin [2(n + 1)Q7]}
_ Z —4712) {sin[2(n — 1)(KS — Q)] +sin [2(n — 1)971})-
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Fig. 2. Elastic force at times 7 =0 (1), 0.25 (2), 0.5 (3), 0.75 (4), 1 (5), and 1.25 (6).

Using (2.14) and (2.19), we obtain the following asymptotic estimate for the expended power (1.4):
Q3 i
wet / |sin (KS — Q)| sin2(K S — Qr) dS + O(=).
0

Integration yields
w = 40°%/(3reK?) + O(°).
The computational formula for the energy in dimensional form is written as
W = 2w3y3 1€pd/ (3m) 4+ O(€°), (2.21)
where y,,, = £/k is the dimensional amplitude of the deflection of the elastic axis of the body from the x axis.

3. Analysis of the Solution. The first term on the right side of expression (2.19) in aggregate with
expression (2.14) describes the elastic axis of the animal’s body, and the second term describes the axial oscillations
of the body during motion. The multiplicand of the third term Qe?(8 — 7e)/(12Ke) characterizes the average
velocity of motion of the animal along the X axis. The velocity does not depend on the inertia of the body (on
the parameter In). For the law of motion (the function ¢) specified a priori, the inertia forces influence the axial
load and the shear force. The dimensional velocity v, is defined by the expression ¥, = —(8 — 7e)y2,kw/(12¢).
The velocity depends largely on the relation between the friction force component (the parameter e). The result
confirms Lavrent’ev’s idea on the necessity of taking into account the viscous properties of the fluid [9].

Figure 2 gives the configurations of the elastic axis at various times. The calculations were performed using
formulas (2.14) and (2.19) for e = 0.3, Q = 27, K = 47, and e = 0.1. The animal moves to the left (Q > 0 and
K > 0) along the X-axis. On each line of the elastic axis, the arrow shows the head of the animal.

The results of the numerical analysis of Egs. (2.14), (2.19) suggest that to ensure the proper direction of
the motion, the condition e < 8/7 should be satisfied. The parameter e characterizes the relation between the
longitudinal and transverse friction forces and is defined by the formula e = 0.657 Ref(”. The Reynolds number
should satisfy the condition Re}"” > 0.5687.

As the longitudinal friction (the parameter e) decreases, the velocity increases; therefore, the velocity is
greatly affected by the hydrodynamic boundary layer.

The axial velocity of an animal moving without friction in a glass tube of shape given by Y = —(¢/K) cos KS
and X = S(1 —¢2/4) will have the maximum possible value equal to the traveling wave velocity /K. The real
velocity is lower. The parameters € and e should satisfy the ultimate velocity condition £2(8 — 7e)/(12¢) < 1.

Expressions (2.20) imply that the axial force and the shear force are cyclic in nature and proportional to the
complex £2Q?/K?2. The component due to the inertia forces is proportional to Ine2Q?/K?2.

For turbulent motion, the expended power (2.21) differs significantly from the power for laminar motion [4].
As a first approximation, the inertia forces do not influence the expended power. The frequency of muscle contrac-
tion w can be expressed in terms of the average velocity of motion: w = |—12ev,/[(8 — 7e)y2,k]|.

The governing equation (1.3) does not always fit the real motion pattern. For example, during motion water
snakes keep the axial orientation of the head. In addition, the span of the lateral vibrations increases from head
to tail. In this case, it is possible to use the governing equation ¢ = efexp (aS) — 1] sin(K.S — Q7), where a is a
constant.
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